The group Homeo([0, 1], ∂[0, 1]) acts continuously on the realization of a simplicial set.
A similar argument applies to cyclic sets introduced by Connes. Let ∆C be the category that makes the family {C n+1 } n≥0 of cyclic groups of order n + 1 into a crossed simplicial group in the sense of Fiedorowicz-Loday. Recall:
Definition 1.2 ([4])
A crossed simplicial group is a family of groups {G n } n≥0 together with a category ∆G that has one object [n] for each n ≥ 0, containing ∆ as a subcategory, and satisfies the following conditions: For a ∆G-set X[−] (i.e. a contravariant functor from ∆G to Sets), we define its geometric realization to be the realization of the underlying simplicial set ∆ op ֒→
(∆G) op X[−]
→ Sets. Cyclic sets are defined to be ∆C-sets. We construct ∆C as a category of Z + -categories after Drinfeld [2] . Here Z + is the additive monoid of non-negative integers, and a Z + -category is a category C together with a nontrivial monoid map Z + → End C id C . I.e., there is a non-identity endomorphism 1 c : c → c on every object c ∈ ob C such that f • 1 c 1 = 1 c 2 • f for every f : c 1 → c 2 . A Z + -functor (resp. isomorphism) is a functor (resp. isomorphism) between Z + -categories that preserves the structural endomorphisms.
The most basic example of a Z + -category is the circle R/Z. Morphisms from x to y are homotopy classes of continuous maps f : [0, 1] → R → R/Z such that f (0) = x and f (1) = y, with [0, 1] → R non-decreasing and R → R/Z the canonical projection. The Z + -category structure is given by 1 x =(class of degree 1 loops based at x). If F ⊂ R/Z is a finite subset, the set of connected components π 0 (R/Z \ F) can be considered as a Z + -category. The set of morphisms from c to d is defined by choosing representatives x c ∈ c and x d ∈ d:
There is a way of constructing a Z + -category A cyc from a given small category A ( [2] , Example 4 of section 2). In the particular case where A = {a 0 < · · · < a n } is a linearly ordered set, viewed as a category, then A cyc is the Z + -category that has the same objects as A and that has morphisms generated by those in A together with one new generator a n → a 0 . The structural endomorphisms are given by 1 a i : a i → a n → a 0 → a i . If 
We set ∆C (resp. ∆ big C) to be the category of the Z + -categories [n] cyc (resp. small Z + -categories isomorphic to some [n] cyc ) and Z + -functors.
We likewise extend the cyclic set X[−] to a contravariant functor X[−] from the extended category ∆ big C, and write F ′ for the set of all finite subsets of R/Z, viewed as a filtered category.
Theorem 1.3 (Drinfeld [2]) The geometric realization |X[−]| of the cyclic set X[−], as a set, is given by the filtered colimit
In particular, the group Homeo + R/Z of orientation-preserving homeomorphisms of the circle R/Z acts continuously on |X[−]|.
We define ∆D to be the category whose set of objects is the same as that of ∆C, and whose set of morphisms from [m] 
For dihedral sets, Spaliński [7] 
commutes. 
Drinfeld's method
In this section we review Drinfeld's results ( [2] ) on the realization of simplicial sets and cyclic sets. 
Simplicial sets
We note that if
We topologize the filtered colimit colim
Since F is a filtering, we may assume these two be represented by elements
with some common F ∈ F . (We have to check that the following definition is independent of the choice of such an F. See below.) We define the distance of the two elements to be the minimum of µ
takes u and v to an identical element.
(If there does not exist such an A, we set the distance to be 1.)
We write d F for the distance defined by using F and d F ′ for the one by
, which are assumed to be identical. The injectivity deduces that A satisfies ( * ), and thus we have
. This implies the inequality in the opposite direction, and
Let us also verify that d is really a metric. By definition, d is symmetric and takes non-negative values.
We have left to check the triangle inequality. Take u, v, and 
[B]) takes u and v (resp. v and w) to an identical element in X[A] (resp. X[B]). Since the diagram
. Hence the images of u and w coincide in
Theorem 2.1 (Drinfeld [2])
There is a canonical homeomorphism
( Proof ) We note that there is a homeomorphism between ∆[n] and Sim
In turn, the set Sim n can be written as the filtered col-
(Here ∼ = → stands for the canonical set bijections.) Thus we have obtained a con- 
For any ε > 0, there exists some δ > 0 such that for any x = (x 1 , . . . , , y) , and tells that we may wish to take δ = ε/n.
Proof of Corollary 1.2.
Proof of claim 1. We prove this in several steps.
Step Step 2. Geometric realization preserves finite products.
We use Step 1 and the properties of the categories Sets ∆ op of simplicial sets and K of k-spaces that product commutes with colimits. Notice also that the singular set functor K → Sets ∆ op that assigns to a k-space its singular simplicial set is a right adjoint functor to the geometric realization functor, and hence geometric realization commutes with colimits. Step 3. Geometric realization preserves finite limits. 
. We wish to show that the map µ :
Sim n is continuous. Since, by adjunction, product commutes with colimits in K, it suffices to show that the map Homeo
. Again by adjunction, thinking of this map is equivalent to considering the map
whose continuity is proved as the following lemma.
Lemma 2.3 The map µ
n : Homeo([0, 1], ∂[0, 1]) → Hom K (Sim n , Sim n ), α → α × · · · × α | Sim n ,
is continuous with respect to the standard k-space topologies on both sides.
( Proof ) Remember that the subbasis of the target space is given by the subsets 
n is open, for every x ∈ h(K), there exists a positive real number ε x such that B ′′ x = {y ∈ Sim n | |y − µ n (α)(x)| < ε x } is contained in U. We take a smaller
forms an open cover for h(K). A compactness argument tells us that we can choose finite x (1) , . . . , (j) . Note that B x is compact (because it is a closed set in a compact set). We let ι x : B x → h(K) → Sim n be the inclusion, and consider for every i = 1, . . . , n and j = 1, . . . , l, the set (N(h, U) ). Indeed, let β be in the left-hand side and take x ∈ h(K) arbitrarily. Then there is some j such that x = (x 1 , . . . ,
, obtaining the desired conclusion. 
Cyclic sets
i λ − −− → [m λ ] cyc f   f   µ i µ − −− → [m µ ] cyc For example, if X[−] is the standard cyclic set Λ[n][−] = Hom ∆C ([−], [n] cyc ), the extension Λ[n][−] is given by λ → Hom ∆ big C (λ, [n] cyc ). If X ′ [−] isX(λ) κ(λ) − −− → X ′ (λ) X(i λ )   X ′ (i λ )   X[m λ ] cyc X[m λ ] cyc for each λ ∈ ob(∆ big C) op . This forces κ(λ) = X ′ [i λ ] • [ X(i λ )] −1 .
Proof of Theorem 1.3. Remember that the realization of X[−]
is the realization of the underlying simplicial set X | ∆ op [−] . This means
.
Since it makes no change on the colimit to take into account only those F containing 0 and 1, we have 
F is a similar measure on π 0 (R/Z \ F), and where A runs through subsets of
The construction of the action by Homeo + R/Z is analogous to Corollary 1.2-2. To prove its continuity, we need a lemma. a product of τ n and ω n . Indeed, if φ is covariant, then φ ∈ Aut ∆C [n] cyc = τ n is a power of τ n . If φ is contravariant, then φ • ω n is covariant, and so a power of τ n . Hence Aut ∆D [n] cyc is generated by τ n and ω n . This means that Aut
is the dihedral group of order 2(n + 1).
The dihedral set X[−] is extended uniquely up to unique isomorphism to X[−] : ∆ big D → Sets in the exactly same way as the procedure in subsection 2.2, except that the map f can be a contravariant one. The extension of the standard dihedral set Hom 
Any homeomorphism of R/Z, even an orientation-reversing one, gives rise to an isomorphism ρ α : • sd r , which is again a simplicial set, is defined to be the r-fold edgewise subdivision of X [−] .
If X[−] is a cyclic set, its subdivisions are defined analogously, but they are not cyclic sets but ∆ r C-sets. The category ∆ r C, for each r, is defined to make the family {C r(n+1) } n≥0 into a crossed simplicial group, by using the Z + -category R/rZ instead of R/Z. Denote by [n] r the subset (considered as a Z + -subcategory) 
Let sd r : ∆ r C → ∆C be the functor that is defined on objects by sd r [n] r = [r(n + 1) − 1] cyc and on morphisms by 
For each F ∈ F , let F r denote the finite set {n 
is such a set. This means that the subcategory of F r consisting of subsets in [0, r] of the form F r with F ∈ F is cofinal, whence we obtain the expression of the statement.
Case of cyclic sets. In general, it can be likewise proved that the geometric realization of a
where F runs through finite subsets of R/rZ suth that card π 0 (R/rZ) = r(n + 
which can be deformed into the desired form in a similar way to the previous case.
Dihedral sets
Define the category ∆ r D to have the same set of objects as ∆ r C, and to have as morphisms covariant Z + -functors f satisfying f (x + 1) = f (x) + 1 and contravariant 
